This paper presents an alternative coupling strategy between the Boundary Element Method (BEM) and the Finite Element Method (FEM) in order to create a computational code for the analysis of geometrical nonlinear 2D frames coupled to layered soils. The soil is modeled via BEM, considering multiple inclusions and internal load lines, through an alternative formulation to eliminate traction variables on subregions interfaces. A total Lagrangean formulation based on positions is adopted for the consideration of the geometric nonlinear behavior of frame structures with exact kinematics. The numerical coupling is performed by an algebraic strategy that extracts and condenses the equivalent soil's stiffness matrix and contact forces to be introduced into the frame structures hessian matrix and internal force vector, respectively. The formulation covers the analysis of shallow foundation structures and piles in any direction. Furthermore, the piles can pass through different layers. Numerical examples are shown in order to illustrate and confirm the accuracy and applicability of the proposed technique.
isotropic and linear elastic domains and is also called Somigliana identity [1] .
51
The integral kernels u* ik and p* ik constitute the Kelvin two-dimensional fundamental so-52 lution, representing displacements and tractions, respectively, and are given as follows:
where r is the distance between the source and field points, i.e. r = |f-s|, G is the shear elastic 55 modulus of the material, ν is the Poisson ratio, n is the boundary normal unit vector and δ ik 56 represents the Kronecker delta.
57
For numerical solution, nodal approximations for u i and p i are taken using polynomial 58 functions over boundary elements (appendix A), and the integral equation (1) is converted
59
into an equivalent algebraic system as follows:
where matrix H is obtained from the left terms in equation (1) and matrix G from the terms on 61 the right side. U is a vector which contains the nodal values of displacements for all boundary 62 nodes and P is another vector for nodal values of tractions.
63
As there are known values of the boundary conditions (restricted displacements and applied 64 forces) it is possible to transform equation (4) into a linear algebraic system with a possible Equation (1) 
Alternative boundary technique for sub-regions

87
For the elastic analysis of heterogeneous domains it is usual to adopt the widely known classical 88 sub-region technique, which consists basically in the non-homogeneous body division according 89 to the material characteristics of each sub-region. Each sub-region has its own system of 90 equation (separately stored), therefore, by applying the forces equilibrium and displacement 91 compatibility over interfaces, a unique algebraic system is written for the whole domain [3] .
92
Although this procedure has been widely used for elastic problems with BEM, [12, 19] 93 observed that for nonlinear problems the definition of several interfaces for a continuum domain 94 could introduce inaccuracies in the final results due to the large number of equations. Besides,
95
it is difficult to apply this technique to a large number of sub-regions because of the complex 96 disposition of algebraic terms in the final system, which results in a sparse matrix.
97
In order to reduce the number of equations in the final system of heterogeneous bodies,
98
[21] proposed an alternative technique that eliminates interface traction when writing the 99 integral equation, reducing the overall number of degrees-of-freedom. From this idea, a simple 100 algebraic strategy can be implemented in the BEM computational code for the analysis of 101 multiple generalized inclusions.
102
As previously mentioned, the fundamental solution for traction, equation (3) for common interfaces.
110
To illustrate this procedure, consider a two sub-region domain as showed in Figure 1 . as the predominant domain to improve the numerical accuracy.
119
Remembering the Kelvin fundamental solution for displacement, equation (2), and assum-120 ing the same Poisson ratio for both materials, the following relation can be written:
Also, with an equal Poisson ratio, the fundamental solution for traction p* j becomes unique,
122
i.e. is no difference because the rate is the unity.
126
Thus, multiplying both sides of equation (6) by G 2 /G 1 and adding equation (5), the fol-127 lowing expression can be written for the whole body:
On the right side of equation (9) it is possible to apply the relation given by (7) forward to 129 the integral over Γ 20 and backward to the integral over Γ 12 . Then, organizing the terms, the 130 following expression is obtained:
Latin American Journal of Solids and Structures 1(2012) 1 -23 Imposing the equilibrium condition on the last term of the right side of expression (10), the 132 term in parentheses becomes null, meaning that no traction approximation is performed for 133 the contact line reducing the number of degrees-of-freedom as desired.
134
The final integral equation for the heterogeneous domain without contact forces is given 135 by:
Using a unique source point to derive equation (11) 
where Γ e is the external boundary and ne is the number of external surfaces.
143
For the algebraic procedure, the first thing to do is to define the predominant domain. For 144 the chosen region, the shear modulus shall be considered G 1 , and the other sub-regions may 145 be numbered from this one.
146
The systems of equations for all involved sub-regions are stored using all source points of 147 the original problem, even if the source point is not over the sub-region that is being inte- The singularity of the H matrix can still be calculated using the rigid body concept, by 157 the sum of odd and even terms of each row for each sub-region separately. For the G matrix, singularity is solved by a subtraction technique, as already mentioned in the previous section.
159
For internal points, as the original system is multiplied by the shear modulus rate, it is 160 necessary to correct the displacement multiplying it by the inverse rate at the end of the 161 numerical solution.
It is also possible to calculate stresses at internal points, using the Hooke constitutive law 163 over equation (12) . The following expression is obtained for stress determination on internal collocation points: final algebraic system is written as:
where index e identifies boundary terms, index i indicates internal nodes of load lines and I
189
is the identity matrix.
190
The same shape functions can be adopted for the load line description as boundary ele- The accuracy of positional FEM formulation has also been proved by [7, 8, 14] .
210
In the present study, the Green strain tensor and second Piola-Kirchhoff stress are adopted.
211
Both of them, as well as the energy functional are written as functions of the structures position.
212
To find the equilibrium configuration, the minimum total potential energy principle is used 213 regarding nodal position parameters.
214
As one can see, the FEM formulation adopted here consists basically in assuming the way, function ⃗ f 1 (ξ, η) is the mapping from the non-dimensional space to the current position.
228
Putting both mappings together, Figure 4 presents the desired mapping, i.e., from the 229 initial to the current configuration.
230
The initial and current mappings are written for each coordinate as: 
where x and y stand for initial and current positions, respectively, ℓ represents node and 
239
One may write the total mapping or the change of configuration function as: However, only its gradient is necessary to develop the proposed formulation, i.e.:
where the dot indicates a simple contraction, A 1 is the gradient of the current mapping ⃗ f 1 (ξ, η)
242
and A 0 is the gradient of the initial mapping ⃗ f 0 (ξ, η). These gradients are written as:
In order to achieve the Green strain tensor one calculates the right Cauchy-Green stretch 245 tensor C of the change of configuration function as:
and the Green strain, assumed in this study as the strain measurement, is given by:
Potential energy minimization -equilibrium
248
As previously mentioned, the total mechanical energy should be minimized in order to solve the 249 problem. The simple specific strain energy assumed is the so-called Saint-Venant-Kirchhoff,
250
written in a simplified form for the analyzed problem as:
where E is the Young modulus and E ij the components of the Green strain tensor.
where U e is the elastic strain energy and P the potential energy of applied forces.
254
A Lagrangian description is assumed by writing the strain energy over the initial volume 255 as follows:
The potential energy of applied forces (concentrated and conservative) is written as:
As the Green strain is a function of nodal current positions (positional parameters), the 258 same is stated for U e and P. Applying the minimum total potential energy principle regarding 259 positions Y follows the non-linear equilibrium equation:
Note that the integral over the initial volume of ∂u e /∂Y (for an arbitrary position) is also 261 understood as the internal forces F int . Thus, g is a vector that assumes null value when the 262 solution is obtained, i.e., when the equilibrium position of the structure is verified. However,
263
it is understood as the unbalanced force of the mechanical system when a trial position is 264 assumed.
265
For the numerical solution the Newton-Raphson procedure is used. In order to do that, a
266
Taylor expansion from an initial trial solution Y arb of g is carried out as follows:
Neglecting higher-order terms (Θ 2 ) and reorganizing the other terms, equation (30) can be 268 rewritten to provide the following expression:
where K T is the hessian matrix or the tangent stiffness matrix, given by the second derivative 270 of the strain energy.
271
The solution is achieved by assuming an arbitrary position Y arb to calculate the internal 
274
The correction position vector ∆Y is found by equation (31) and used to "correct" the 275 arbitrary solution as follows:
This new arbitrary position is assumed as the current configuration and the iterative process 277 is carried out until |∆Y | becomes smaller than a tolerance value. With both FEM and BEM 278 computational codes prepared, the numerical coupling is performed for the fulfillment of this 279 study.
BEM-FEM COUPLING
281
The numerical coupling is performed following the idea of inserting BEM's conditions in the 282 finite element mesh by condensing the BEM algebraic system regarding coupled nodes. To do 283 so, it is necessary to identify the coupled elements in each BEM and FEM mesh.
284
For the boundary element domain the following algebraic system is written:
where c is the index to identify the coupled terms and l is used for the free terms (those not 286 coupled to the finite element mesh). The superior index B shows that those terms are related 287 to the BEM formulation. U is a vector containing the nodal displacements and P another 288 vector for distributed forces.
289
On the other hand, the finite element structure mesh is given by the algebraic system 290 written in a simplified form as:
Again, c is related to the coupled terms. The superior index F is related to FEM formula-292 tion, and index m is used to identify the nodes which are not coupled to the boundary mesh.
293
Vector F represents concentrated nodal forces vector. In particular U F is related to ∆Y in 294 the iterative procedure, as a change in position is in fact a displacement.
295
From (33) it is possible to write two equations. Isolating U l and organizing the result, we 296 obtain the following expression:
where:
Pre-multiplying both sides of (35) by a Q c matrix, which is originated from shape functions 299 integration on the finite element mesh, the result does not change. The objective of Q c matrix 300 is to convert distributed forces P into concentrated forces F :
In this way it is possible to transform the boundary distributed forces into FEM nodal forces 302 to be applied on FEM nodes. As a result of this multiplication, expression (35) becomes: where:
From (40) it is possible to isolate the equivalent applied concentrated forces from boundary 307 elements F c B .
308
Over the interface line the following compatibility and equilibrium conditions must be 309 imposed:
Back to the FEM algebraic system and applying conditions (44) and (45), a final algebraic 312 system is obtained for the coupled structure:
This algebraic system represents the frame structure coupled to the heterogeneous soil 
322
As the soil is assumed here linear elastic, the equivalent stiffness matrix is calculated only 323 once at the very first iteration of the nonlinear analysis.
324
The solid heterogeneous model is still valid, as the alternative sub-region technique is 325 performed before the condensation of BEM algebraic system to the BEM-FEM interface.
326
It is important to observe that BEM formulation does not consider rotation a degree-of-327 freedom. Therefore, to perform the numerical coupling, null rows and columns were inserted 328 in the BEM matrices.
329
Various numerical examples were processed and compared to analytical solutions or results
330
obtained from FEM commercial software. Some of these examples are showed in the next 331 section.
EXAMPLES
333
Tensile bar
334
This is a simple example of a straight bar under a tensile force. It is presented here to prove 335 the formulation efficiency, as the result can be compared to the analytical solution.
336
Half of the bar is modeled via BEM and the other half via FEM, with a coupled interface 337 in the middle section, as shown in Figure 5 . The section area is unitary as a unitary width is 338 adopted.
Figure 5 BEM-FEM model for straight tensile bar
The boundary mesh is divided into three domains to test the alternative technique of sub-
340
regions. The material properties are the same for all elements, on both BEM and FEM meshes
The finite element coupled to the boundary element 342 has thickness of 20 cm (more rigid) to allow the comparison with the analytical result. The 343 analytical solution is given by:
The results are shown in Table 1 .
345 Table 1 − Horizontal displacement (cm) along the bar length x BEM-FEM Analytical Difference % 0.00 0.00E+00 0.00E+00 -0.33 3.334076E-04 3.333333E-04 0.02% 0.67 6.668118E-04 6.666667E-04 0.02% 1.00 1.000233E-03 1.000000E-03 0.02% 1.33 1.333483E-03 1.333333E-03 0.01% 1.67 1.664417E-03 1.666667E-03 0.13% 2.00 2.004045E-03 2.000000E-03 0.20% 3.00 3.000000E-03 3.000000E-03 0.00% 4.00 4.000000E-03 4.000000E-03 0.00%
As one can see, the connecting element flexibility allows a small difference along the central 346 line of the BEM domain. However, results are very well compared to the references values.
Vertical pile in homogeneous domain
348
This is an example of a vertical pile structure inserted in a homogeneous domain and subjected
349
to a bending moment, as it is shown in Figure 6 .
Figure 6 Vertical pile in homogeneous domain
The continuum domains Young modulus is E s = 21000 kPa while the pile structure's mod- 
360
The results were compared to the same example processed with the commercial ANSYS
software. For the ANSYS ® model a mesh with 3200 plane stress elements was used for 362 continuum domain's discretization and 43 conventional beam elements for the frame's mesh.
363
The results for horizontal displacement and section rotation are presented in Figures 7 and 8.
364
Distributed forces along the piles length are also compared, as shown in Figure 9 . The 365 distributed force is directly obtained from the developed program. For ANSYS ® , these values 366 are obtained dividing the nodal reaction by each finite element length.
367
As one can see, the results compare very well despite the difference of the adopted formu-368 lations.
369
Pile inclined in a layered soil
370
An inclined pile foundation structure subjected to vertical and horizontal concentrated forces 371 is now considered inserted in a layered soil, as shown in Figure 10 .
372
The frame structure has a rectangular section of 10x15 cm resulting in a 150 cm 2 area and the concentrated load is applied.
385
The results for the horizontal displacement caused by F H are shown in Figure 11 . Figure Wagner Queiroz Silva et al / Numerical combination for nonlinear analysis of structures coupled to layered soils 17 Figure 9 Horizontal distributed force along the piles height Figure 10 Pile inclined in heterogeneous soil 12 exhibits the vertical displacement caused by F V .
387
There are no significant differences among the results obtained with meshes M1 and M2, 388 which demonstrate the numerical convergence for this problem. 396 Figure 13 presents the soil and frame dimensions and other information of interest.
397
The frames section is a square steel tube (1.0 x 1.0 m) with 3.0 cm thickness resulting in a 
404
The results for horizontal displacement considering linear and nonlinear analyses for the 405 fixed support model and soil-structure interaction (SSI) model are presented in Figure 14 .
406
Note that an additional horizontal displacement is verified by considering the soil-structure 407 interaction (SSI), as the soil's deformability influences the final results.
408 Table 2 shows the comparison of the maximum horizontal displacement at the top of the 409 frame structure for linear and nonlinear analyses, for both the rigid support and soil-structure The difference between a linear analysis with rigid support and the nonlinear analysis 412 considering soil-structure interaction is 34%, which proves that the simplified model may not 413 be appropriate in this case.
414
The consideration of soil-structure interaction also leads to a different distribution the 415 internal efforts on the frame structure model. It is interesting to measure here the influences 416 that these differences may cause on the structural design for a safer and more economical 417 project.
418
The internal normal force, shear and bending moment along the frame's height are pre-419 sented next.
420
Also, the frames influence over the soil contact interface can be introduced into the BEM 421 program to compute the soil final displacements and stresses. It is possible to determine the 422 soil deformation and stress components (see Figure 18 ). 
430
The FEM based on positions is used to implement a Lagrangean formulation considering the 431 frame geometric nonlinear behavior with exact kinematics.
432
The developed BEM-FEM coupling introduces the linear soil influence into the frame non- to provide more generality to the proposed methodology.
446
APPENDIX A -HIGH-ORDER ELEMENTS WITH LAGRANGE POLYNOMIALS
447
Both BEM and FEM formulation are implemented with high-order elements, assuming La-448 grange polynomials for shape functions description. The Lagrange polynomials are given as 449 follows:
where ϕ l is the l shape function for each k node of a (n-1) order element. The ξ coordinates 
